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REGULARITY PROPERTIES OF THE CUBIC NONLINEAR 
SCHRODINGER EQUATION ON THE HALF LINE 


M. B. ERDOGAN, N. TZIRAKIS 

UNIVERSITY OF ILLINOIS 
URB ANA-CHAMPAIGN 

Abstract. In this paper we study the local and global regularity properties of the cubic 
nonlinear Schrodinger equation (NLS) on the half line with rough initial data. These 
properties include local and global wellposedness results, local and global smoothing results 
and the behavior of higher order Sobolev norms of the solutions. In particular, we prove 
that the nonlinear part of the cubic NLS on the half line is smoother than the initial 
data. The gain in regularity coincides with the gain that was observed for the periodic 
cubic NLS m and the cubic NLS on the line [12]. We also prove that in the defocusing 
case the norm of the solution grows at most polynomially-in-time while in the focusing 
case it grows exponentially-in-time. As a byproduct of our analysis we provide a different 
proof of an almost sharp local wellposedness in Sharp local wellposedness was 

obtained in [19] and [2]. Our methods simplify some ideas in the wellposedness theory of 
initial and boundary value problems that were developed in [nmiiEojE]. 


1. Introduction 

We study the following initial-boundary value problem (IBVP) 

(1) iut-f Raja;-f A|n|^M = 0, 

u{x,0) = g{x), u{0,t) = h{t). 

Here A = ±1, g G and h G with the additional compatibility condition 

5'(0) = h(0) for s > A. The compatibility condition is necessary since the solutions we are 
interested in are continuous space-time functions for s > A. 

The term that models the nonlinear effects is cubic and the equation can be focusing 
(A = 1) or defocusing (A = —1). Nonlinear Schrodinger equations (NLS) of this form 
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model a variety of physical phenomena in optics, water wave theory and Langmnir waves 
in a hot plasma. In the case of the semi inhnite strip (0, cxd) x [0,T], the solntion u{x,t) of 
(fT|) models the amplitnde of the wave generated at one end and propagating freely at the 
other. For an interesting example of snch a wave train in deep water waves, see [1]. 

Onr intention is to study this problem by using the tools that are available to us in 
the case of the full line. In this case the equation is strongly dispersive, and it has been 
studied extensively during the last 40 years. We use the restricted norm method (also 
known as the method) of Bourgain, |3l H], modihed appropriately. The idea to use 
the restricted norm method in the case of IBVP with mild nonlinearities comes from [m. 
Their paper introduced a method to solve initial-boundary value problems for nonlinear 
dispersive partial differential equations by recasting these problems as initial value problems 
with an appropriate forcing term. This reformulation transports the robust theory of initial 
value problems to the initial-boundary value setting. The problem they considered was the 
Korteweg-de Vries equation on the half line. In this case to recover the derivative in the 
nonlinearity one has to use the cancelations of the nonlinear waves that are nicely captured 
by the method. The idea of reformulating the problem as an initial value problem with 
forcing was applied in the case of the NFS with a general power nonlinearity in [191 [20]. The 
difference is that one has to use Strichartz estimates which are appropriate for dispersive 
equations with power type nonlinearities. For NFS on M" the Strichartz estimates give 
sharp wellposedness results. One can also use more standard Faplace transform techniques 
to study ([I]), see e.g. [2|. This is based on an explicit solution formula of the linear 
nonhomogeneous boundary value problem 

(2) iut + Uxx = 0, a; G M"*", f G M"*", 

u{x,0) = 0, u{0,t) = h{t). 

which is obtain by formally using the Faplace transform. One then can use Duhamel’s 
formula and express the nonlinear solution as a superposition of the linear evolution which 
incorporates the boundary term and the initial data with the nonlinearity. 

We now briefly discuss a short history of the wellposedness theory for ([1]). The reader 
is advised to consult [2] and the references therein for a more comprehensive list of works 
related to ([I]). The problem on a bounded or unbounded domain G M”' with smooth 
boundary and h = 0 has been considered in [6] and Carolle and Bn, in [9], considered 
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the equation ([T]) in the general case when h is not identically zero. Using semigroup 
techniques and a priori estimates they showed the existence of a unique global solution for 
g G and h G The result was extended to the general power nonlinearity 

case by Bn [7] in the defocusing case. For the general domain hi in the defocusing case 
Strauss and Bn in [ 2 l] prove the existence of a global solution if the boundary data 
are smooth and compactly supported. Bn, Tsutaya, and Zhang [ 8 ] extended the above 
result to the focusing case in higher dimensions for a nonlinearity of the form \u\p~‘^u and 
2 < p < 2 + ^. For rough initial data and in the case of the half line Holmer in |T9] proved 
sharp local well posednesss matching the theory in the full line. Bona, Sun, and Zhang, [2], 
addressed some of the uniqueness questions that were left open in [ 12 ], and also studied 
the equation on bounded intervals. Finally, we should also mention that in the integrable 
case (p = 4) Fokas, [T7], obtained a solution of ([T]) when p is a Schwartz function and 
h is sufficiently smooth by reformulating the problem as a 2 x 2 matrix Riemann-Hilbert 
problem. 

In this paper we combine the Laplace transform method [2] with the method [3| 
to prove that the nonlinear part of the solution is smoother than the initial data. More 
precisely, we prove 

Theorem 1.1. Fix s G (0,|), s 7 ^ |, |, p G and h G with the 

additional compatibility condition p(0) = h(0) for s > |. Then, for t in the local existence 
interval [0,T] and a < min(2s, |, | — s) we have 

u(x,t) - W‘{g,h) e C,“ffr“(|0,r] X B+), 
where IFq(p, h) is the solution of the corresponding linear equation ([T]) with A = 0. 

We note that smoothing results of this type were hrst obtained by Bourgain, see |5], 
for the cubic NLS on Also see [23] for an extension of this result to M”, and [ 12 ] for 
cubic NLS on M. There are also smoothing estimates on the torus, see, e.g., [ID], [14], [ 2 T| . 
ra. ra. For initial-boundary value problems, it appears that Theorem 11.11 is the 

hrst smoothing result. We note that the gain in regularity matches the gain for cubic NLS 
both on the torus [ID] and the real line na. However, for defocusing NLS on the torus the 
smoothing gain can be improved for integer s > 2 using complete integrability methods, 
see [ 22 ] . 
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As an application of Theorem 11.11 and a priori estimates at the energy level (see Section | 6 ] 
and 0 ). we obtain bonnds on higher order Sobolev norms: 

Theorem 1.2. In the case s G [1, f), s 7 ^ |, (7 G and h G r\H^{R'^), 

the solution u is global and the smoothing statement holds for all times. Moreover, in the 
defocusing case ||m||_h-s(]r+) grows at most polynomially, whereas in the focusing case it grows 
at most exponentially. 

We note that one cannot expect to obtain better than exponential bounds in the focusing 
case since the energy estimates at level give only exponential bounds, see Section [ 6 l 

To prove Theorem 11.11 we combine a variety of estimates for the boundary operator 
(solving ([2])) and the nonlinearity in spaces. We also need to establish the wellposed 
theory in spaces. We obtain the solution of ([T]) as a hxed point of flT7|) in X^’^(Mx [ 0 , T]) 
after extending the initial data g to M. As such these are limits of smooth solutions, and in 
particular they are mild solutions as dehned in [19]. Note that by the hxed point argument 
the solution is the unique solution of (fT7|) . however it is not a priori clear whether its 
restriction to is independent of the extension of g. We resolve this issue in Section ITTl 

We now discuss briehy the organization of the paper. In Section [2] we dehne the notion 
of a solution. For g G H^{RX) and h G (Mf'), with the additional compatibility 

condition 77 ( 0 ) = h( 0 ) for s > i, we are looking for a solution 

2s + l 

(3) u G X^’\R X [0, T]) n C°i/*([0, T] X M) n ClH^ " (M x [0, T]). 

It is a well known fact that (see flTTD below for the dehnition of the X^’^ norm) 

u G X^’\R X [0,T]) C C'°i/J([0,T] X M) 

for any b > ^. However, to close the hxed point argument we need to take b < ^. For this 
reason we need to prove the continuity of the solution directly via additional estimates for 
the linear evolution W^i^g^h) (corresponding to ([1]) with A = 0). The reader should keep 
in mind that we estimate two distinct linear processes. One is the usual solution of the 
free Schrodinger equation with initial data g which we denote by IFr 77 and the other is the 
linear solution, IFq(0, h) to the IBVP ([2|). We state and prove these estimates in Section [3l 
in particular in Lemmas 13.11 and 13.21 and Proposition 13.31 These estimates also explain the 
regularity level of the boundary function h and the selection of the spaces that are used 
in order to close the hxed point argument. In the second part of Section |3] we prove the 
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estimates on the nonlinear terms of flTOl) . dictated by Proposition 13.41 In Section 01 we 
establish the local wellposedness theory, see Theorem 12.41 Uniqueness of the solution is 
immediate in the auxiliary space ([3]). We also present a proof of unconditional uniqueness 
(uniqeness of mild solutions) in Section 001 In Section 01 we also discuss the dependence of 
the local existence time on the norms of the initial data. The estimates on the time step 
are crucial when we patch together local solutions to obtain a global continuous solution. 
This is used in Section 01 where we prove the two main theorems of this paper, Theorems 
11.11 and 11.21 Section; 01 is an appendix that presents the needed a priori estimates at the 
energy level. As expected the a priori estimates in the case of the focusing case are more 
subtle. We close the Appendix with a technical lemma that is used throughout the text. 

1.1. Notation. 

aiO = = [ e-"^'^g{x)dx. 

(?) = UTIF 

iisiiff. = wi«.(M) = ([ 

^ Jr ' 

For an interval J, we dehne H^{I) norm as 

ll^llriq/) := inf {||^||r/qR) : g{x) = g{x), x G /}. 

We also denote the linear Schrodinger propagator (for g G L^(M)) by 

W^g{x,t) = e^^^g{x) = (x). 

For a space time function /, we denote 

Dof{t)=f{0,t). 

Finally, we reserve the notation g{t) for a smooth compactly supported function which is 
equal to 1 on [—1,1]. 
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2. Notion of a solution 

Throughout the paper we have s G (0, |), s 7 ^ |, |. We define norm as 

||^||r-(e+) := inf {||^||r»(e) : ^x) = g{x), x > O}. 

Note that we have ||(?'||_ffo-i(R+) < || 5 '||r'>(r+)- If S' G for some s > f, take an 

extension g G By Sobolev embedding g is continuous on R, and hence g{0) is well 

defined. We have the following lemma concerning extensions of if®(R+) functions. 

Lemma 2.1. Let h G if^(R+) for some —f < s < |. 

^)If-\<s< i then ||x(o,oo)/i||RyR) < ||h||/^s(R+). 

%%)If\<s<l and h{0) = 0 , then ||x(o,oo)^||r'^(r) < ||/i||R=(R+)- 

ill) //f < S < |, then \\heven\\H-^{R) < ||h||H«(R+). 

iv) If \ < s < I, s ^ I, and h{0) = 0, then ||hod<i||R-(R) < ||/i||R»(R+)- 
Here heven{x) = h{\x\), and hodd is defined analogously. 

The first two parts were proved in m- Part i) follows from the weighted boundedness 
of Hilbert transform and the fact that (0^'^ is an A 2 weight for s G (—|, |)- For ii) note 
that, since h(0) = 0, the distributional derivative of X{o,oo)h is X{o,oo)h', and use i). Part iii) 
follows from part ii) as follows: let h be an iP^(R) extension of h with ||h|| R'’ ~ II^IIr«(r+)- 
Let f{x) = [h{x) + h{-x)]/2. Note that ||/||/r-(R) < ||h||j/.(R+). Since /(O) = h(0), by part 
ii), we have \\{h - f)even\\H‘>iR) < \\h - /||h'=(r+) < ||/i||R'>(R+)- Since feven = /, we have iii). 
To obtain iv) note that it follows from ii) for f < s < |. Since h(0) = 0 , for | < s < |, 
hodd is continuously differentiable, and h'^^^ = {h')even- Thus, \\hodd\\Hs{R) ~ ll^oddllR'-fiR) = 

||(^0euen||R'>-l(R) ^ || ^1| (R+) ^ ||^||RyR+)- 

To construct the solutions of ([T]) we first consider the linear problem: 

(4) iut + Uxx = 0, X E R"*", t G R"*", 

M(a:,0) = g{x) G i7"(R+), u{0,t) = h{t) G L/^(R+), 

with the compatibility condition h{0) = g{0) for s > f. Note that the uniqueness of the 
solutions of equation (0]) follows by considering the equation with g = h = 0 with the 
method of odd extension. We now construct the unique solution of dH), that we denote by 
IFo(5', h), for t G [0,1]. Note that 


W^{g,h) = W^{0,h-p) + WM{t)go, 
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where is an extension of to M satisfying Us'ellnyR) ^ ||fi'||RyR+)- Moreover, 
p{t) = 'ri{t)[Ws.{t)ge\\^^f^, which is well-dehned and is in by Lemma EH] below. 

The properties of the free Schrodinger evolntion are well known. To nnderstand the first 
snmmand, h), consider the linear bonndary valne problem ([2]) with h G 

Moreover for s > ^ we have the compatibility condition h(0) = 0. Following [2] we can 
write the solntion as h) = Wih + IT 2 / 1 , where 

(5) Wih{x,t) = - 

71 Jo 

1 

( 6 ) W 2 h{x,t) = - 

77 Jo 

Here by a slight abuse of notation 

poo 

( 7 ) m = ^(X(o.^)h)(C,)= e-'i‘h(t)dt 

Jo 

We refer the reader the reader to [2] for the derivation of Wi and IT 2 . Formally, one can 
check that both PFi and W 2 satisfy ([2]) by differentiation. The boundary condition at x = 0 
can be justihed by Fourier inversion. To see that the initial condition at t = 0 is satished 
apply a complex change of variable in hF 2 noting that h is analytic in the lower half plane, 
for the details see [2]. 

By a change of variable and Lemma 12.11 under the conditions above we have 

(8) J {l3Y‘\fh{±P^^dfl < ||X(0,co)A||„2« 

Note that Wi is well-dehned for x, f G M. We also extend W 2 to all x by 

1 

( 9 ) W2h{x,t) = - 

77 Jo 

where p(x) is a smooth function supported on (—2, 00 ), and p(x) = 1 for x > 0. 

Therefore the solution of (jl]) for f G [0,1] is given by 

W^{g,h) = W^{0,h-p) + W^{t)g,, p{t) = p{t)[W^{t)gm. 

We note that is well-dehned for x,t G M, and its restriction to x [0,1] is 

independent of the extension ge. 


The following remark will be important in the proofs of Theorem 11.11 and Theorem 11.21 
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Remark 2.2. Note that WQ{gi,h) — WQ{g 2 ,h) = Pko(( 7 i — g2:0). One can also obtain 
WQ^g^Oi) using the method of odd extension. This implies that 

l|W^o(fi'5 0 )I|r'>(R+) ^ ||W^R(^)fi'odd||R'*(R) = ||fi'odd||R'*(R) ^ ||fi'||R'>(R+)5 

where we used part iv) of Lemma 13.1\ in the last inequality. 

Consider the integral equation 

(10) u{t) = rj{t)W^{t)g^ + r]{t) [ W^it - t')F{u) dt'+ g{t)WQ{0,h - p - q){t), 

Jo 

where 


F{u) = g{t/T)\u\\, p{t) = g{t)DQ{W^gf), and 

q{t) = g{t)Do j W^it - t')F{u) dt'^. 

Here DQf[f) = f{0,t), and g^ is an extension of g to M. In what follows we will prove 
that the integral equation flTOl) has a unique solution in a suitable Banach space on M x M for 
some T < 1. Using the dehnition of the boundary operator, it is clear that the restriction 
of u to M"*" X [0,T] satishes (II]) in the distributional sense. Also note that the smooth 
solutions of fITOl) satisfy ([I]) in the classical sense. 

We work with the space x M) [S] Hj: 

(11) = ||“(u0(0"(^ + ^^)1L2i2- 

We recall the embedding C for b > J and the following inequalities from [3l ITS]. 

For any s,b we have 


( 12 ) 


\\v{t)WM.g\\x‘>^>’ 


< 




For any s G M, 0 < 6 i < 1 and 0 < 62 < 1 — we have 


(13) 


g{t) / Wu{t-t')F{t')dt' 


< 






Moreover, for T < 1, and — 1 < 61 < 62 < ^, we have 

( 14 ) UtlT)FU.,. 
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Definition 2.3. We say ([I]) is locally wellposed in if for any g G and 

h G with the additional compatibility condition (/(O) = /i(0) for s > |, the 

equation has a unique solution in 

X^'\R X [0,T]) n C'°ff*([0,T] X R) n (R x [0,T]), 

for any b < ^. Moreover, ifu and v are two such solutions coming from different extensions 
del, ge 2 , then their restriction to [0, cxo) x [0,T] are the same. Furthermore, if gn ^ 9 in 

2s+l 

H^{RF) and hn ^ h in H^~ then Un ^ u in the space above. 

Theorem 2.4. Fix s G (0,|), s ^ |,|. Then ([1]) is locally wellposed in if^(R+) with 

4 

T ^ [C + || 5 '||//YR+)]~ 2 TfT^ where the constant C depends on \\g\\L‘^ + ||/i|| 2 ^ 

3. A PRIORI ESTIMATES 

3.1. Estimates for linear terms. We start with the following well known Kato smoothing 
estimate converting space derivatives to time derivatives. This estimate justifies the choice 
of spaces concerning h in ([T]). We supply a proof for completeness. 


Lemma 3.1. (Kato smoothing inequality) Fix s > 0. For any g G F[^{R), we have 

23 + 1 

vit)WMg G (R X R), and we have 


2i±i 5 , wnwH^ 


Proof. Note that 


X(i;W'R9)(r) = / + 


/ v{T+e)e'‘^a(m+ v(t+ 

'k|<i 


2s+l 


We estimate the contribution of the first term to norm by 


/ \\{n) V{r + ^‘^)\\^2\9{0\d^^ 

'id<i " 


L2 < \\g\\H‘> 


By a change of variable, the contribution of the second term is bounded by 

< 


(r) 4 \g{T + p)\ - —dp 


LI 


(r + p 4 ^ r + p p 4 - ^—dp 

Vp 


LI 
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By Young’s inequality, we estimate this by 


, 2s+l . 
•) 4 j 


I LI 


P 


2s + l ?(±x/p) 




< 




HO 


The continuity statement follows from this and the dominated convergence theorem. □ 

Lemma 13.21 and Proposition 13.31 below show that the boundary operator belongs to the 
space ([3]). 


Lemma 3.2. Let s > 0. Then for h satisfying X{o,oo)h ^ H "i (R)^ we have WQ{0,h) G 
CfH^{R X R), and h) G (R x R). 


Proof. We start with the claim W 2 h G C°iLJ(R x R). Let f{x) = e ^p{x). Note that / is 
a Schwartz function. Recalling ([9]), we have 

W2h= r f{(3x)P^"^(5h{(5^)dl3= [ f{/3x)J^{e-^^^'iP){/3)dp, 

Jo Jm. 

where 

= f3h{f3^)x[o,oo)if3)- 

Note that by (I7j) and (IH]), ||'0 ||r« ^ ||X( 0 oo)h|| 2 ,+i . Using this and the continuity of 

g-itA to prove that 

Tg{x) := [ f{(3x)g{/3)d(3 
Jk. 

is bounded in for s > 0. This follows from the case s = 0 noting that 

BtTgix)^ [ f‘>(Px)D‘g{D)dp, s e N, 

Jr 

and by interpolation. For s = 0, after the change of variable /3x fJ, we have 

Tg{x) = f f{l3)x-^g{l3x-^)d^. 

Jr 

Therefore, 

I|r9lll=< f \fm\k-'3{l}x-')\\^,di). 

Jr 

Noting that 

\\x-^g{(3x-^)\\l^ = [ x-^\g{(3x-^)\^dx = [ (3-^\g{y)\^dy = (3-^\\g\\l2, 

Jr Jr 





< 


L2, 


we obtain 


ITslli. < llslU. 
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since / G 5. This proves that W 2 h G x M). 

To prove that T]{t)W 2 h e ^ (R x M), write 

f f(Px)T{e-“^i,)(P)dD= f f 

Jr Jr ^ Jr 

The claim follows from the using Kato smoothing and dominated convergence theorem 
noting that f E L^. 

Finally, note that 

(15) W^h = 

where 

^{/3) = 0h{-f3^)x[o,oc){f3). 

The claim follows as above from dZD, m, the continuity of W^{t), and Kato smoothing 
Lemma O □ 

Proposition 3.3. Let b < ^ and s > 0. Then for h satisfying Xio,oo)h G we 

have 

\\v{'t)Wl^{0,h)\\xs,i> < ||X(o,oc)/i|| 2^ • 

(R) 

Proof. As before, define ip as 

= 0h{-f3^)x{o,oc){f3). 

Using ([15]), ([I2|), ([7|), and ([8|), we have 

\\r]Wih\\xs,t = \\r]WR{t)fj\\xs.b < < ||X(o,oo)h|| . 

(R) 

For hF 2 , by interpolation, it suffices to prove the statement for s = 0,1, 2,.... Let f{x) = 
e~^p{x). Note that 

poo 

dlpW2h = T] / e^f^^^f^^\l3x)l3^+^h{l3^)d(3. 

Jo 

Therefore, it suffices to prove the inequality for s = 0 and b = ^. We have 

poo 

^(^,0=/ p{T-p^)f{i/m(j^)dp. 

Jo 

Since / is a Schwartz function, we have 

\KilP) \ ^ 1 + ^2/^2 = + 
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Therefore 


\\vW2h\\^o,^ < (r + ^2^2 






;W^)\df3 


L|L? 


We divide this integral into pieces > 1 and < 1. In the former case using 

\v{r - < (r - /32)-3, (r + < (r - + e^), and + e - + e^), we have 

the bound 


- n 


2\-2 




'0 


(/32+e)5 

Using Minkowski’s and Young’s inequalities, we have 


m")w 


qLi 


< 


{r - /3^) 


2\-2 




m")w 


< 


(/9^+a^ 

{t - p)-^P^h{p)\dp 


< 


Ll 


T-/3Y^^^h{/3^)\d/3 


Ll 


<ll(-)-^IUi||p^%)|L.<||X(0,oo)h|| 


Ll 


H^( 


In the latter case, we have the bound 


(r). / (r) 


-3 




:W^)W 


/9^ + e 

Using Minkowski’s inequality for both norms we have 




< 

r\j 



(3^ 

lo 

f3^+e 


/'2 


\Knw< / /?^ih(/z^)id/z 


< 


p ~^\h{p)\dp< ||x(o,oo)Zi||L2(R) < \\X(o,oc)h\\ 


H^i 


In the second to last bound we used Cauchy-Schwarz inequality. 


□ 


3.2. Estimates for the nonlinear term. In this section we establish estimates for the 
nonlinear term in (ITnll in order to close the fixed point argument and to obtain the smooth¬ 
ing theorem. 


Proposition 3.4. For any smooth compactly supported function p, we have 

||F||x»,- 6 /or 0 < s < < i. 


V / W^{t - t')Fdt' 


C°H, 


25 + 1 


< 


\\F\\^i^ 2 s^^ + /or i < s < |, 6 < |. 


Proof. The proof is based on an argument from P. 

It suffices to prove the bound above for pDo(^ Jl^WM.{t — t')Fdt'^ since norm is 
independent of space translation. The continuity in x follows from this by dominated 
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convergence theorem as in the proof of Lemma fS.li First we consider the case 0 < s < ^ 


Note that 


Using 


and 


we obtain 


Dr 


/ lm> I n 


F{U')= / F^^F{^,X)dX, 


r, — 1 


1^0 / W^{t-t')Fdt') = 


tiX + e) 
*(A+a 


F{^,X)d^dX. 


Let -0 be a smooth cntoff for [—1,1], and let -0'^ = 1 — i/). We write 


v{t)Do( Wu{t-t')Fdt')=r]{t) i_l^^(A + a%,A)dedA 

^Jo ' iR2 nA + r) 

Jr 2 *(A + iR2 *(A + 

=:/ + // + in. 


By Taylor expansion, we have 

gitA _ g 


,itA _ °° 


z(A+e) 


= ze 




2\fe-l 


fc=l 


fc! 


Therefore, we have 


2S+1 < V 

R^3—(R) ~ ^ 
k=l 




k\ 


F^\X + ef-^i;{X + e)F{iA)didX 


< 


E 


-Y-l)! 


2s+l 


(A)^ /(A+a^-V(A+fme,AK 






2s+l 


< 


25 + 1 


(A)^ / i/.(A + ai^(e,A)|de 

Jr 

By Canchy-Schwarz ineqnality in we estimate this by 


r2 

■'"A 


(A) 


25 + 1 


'|A+52|<1 




'|A+«2|<1 


{ir\F{i,X)\^di]dX 


1/2 


<||F||^.-.snp((A)^ 


\ 1/2 


'|A+C2|<1 
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The last inequality follows by a calculation substituting p = 

For the second term, we have 


||//|| 2.+1 

II 11//^—( 


< 




(A) 4 






Ll 


< 


(A) 


2s+l 


(A+a 


iae,A)Me 


■'"A 


By Cauchy-Schwarz inequality in we estimate this by 


(A)^ 


(A + ^2)2-2.(^)2. 


di 


/p\2« ^ \ n 1/2 


{x+e?^' 


<||F|a,-.sup((A)^ 

A 


2s+l 


(A + ^2^2-2fe^^^2. 


di 


1/2 




To obtain the last inequality recall that s < and consider the cases |^| < 1 

and 1^1 > 1 separately. In the former case use (A + ~ (A), and in the latter case use 

Lemma [6.21 after the change of variable p = 

To estimate ||///|| 2^+1 we divide the ^ integral into two pieces, |^| > 1, |^| < 1. We 

H 5 (M) 

estimate the contribution of the former piece as above (after the change of variable p = 


(P) ^ 


X + P y/p 


< 


^W>1 


(p) 


2s-l 

4 


(A + p) 


T(vT,A)HA 


/■2 

^|P|>1 


By Cauchy-Schwarz in A integral, and using 6 < A, we bound this by 


(P) 


2s-l 

2 




(A + p) 


2b 


|F(v^,A)pdAdp 


1/2 


< 

r\j 






We estimate the contribution of the latter term by 




|A + e 


r{x+e)m.xmdx 


< 

rsj 


X[-Li](0 

(A+a 


|F(e,A)|daA. 


For < |, this is bounded by ||F||xo-i> by Cauchy-Schwarz inequality in ^ and A integrals. 
This hnishes the proof for 0 < s < A. 

For s = |, = |, we use the inequality 


3 + 


L2 + 11/11^^- 


The required bound for the norm follows from the H 2 bound above. 


Note that 
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a * \ r -I- ^ 

W^{t - t')Fdt') + ir,{t) -F(e, md\ 


= V(t)Do(/ W^{t-t')Fdf') 


r „it\ _ r pit\ 

+ / -^— 7 ^i-e)mX)d^d\ + zv{t) / ^^(A + e^)%,A)rfeciA. 

i]R2 A + 4^ y]R2 (A + 4^) 

We bound the first integral in the last line using the case s = | we obtained above for 
Gi{^, A) = A), and the second integral using the proof of the case II for G 2 {^, A) = 

(A + ^‘^)F{^, A). Thus, we obtain 


^[r/(t)Do( f'w^{t-t')Fdt' 


< ||F|| i._, + IIGill i,_, + IIG 2 II i,_. < ||F|| i,_, + ||F|| 5,_„ 


for all b < ^. 

Therefore, we have 


W n f w < j II^IIy^.-o for 0 < s < i,6 < i, 

^ ~ lllUA^,.-. + ITIL§,-. fors = |,6<l 

We obtain the statement for A < s < | by interpolation. 


Proposition 3.5. For fixed s > 0 and a < min(2s, |), there exists e > 0 sueh that for 
A — e < 6 < A, we have 


\Au \\< llnlli 


\xa+a-b A; 


Proof. By writing the Fourier transform of \u\‘^u = uuu as a convolution, we obtain 


|Mpn(^,r)=/ / u{^l,Ti)u{f2,r2)u{f-fi + f2,T-Ti + T2). 


Hence 


I 1^ Il2 

\'^\ 11 J5^s+a, —6 


,T2 


(4)"+'^n(4i, ri)n(42, r2)u{^ - 6 + 6, ^ B + r2) 
{r + A^ 
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We define 


/(e,r) = |n(e,r)|(0*(r + a'’ 


and 




_(e)^+°(ei)~^(e2)-^(e-ei + e2)-^_ 

{r + + e?)^(r 2 + el)^(r - ri + r 2 + (e - 6 + 6)^)^' 


It is then snfficient to show that 



6, C, n, T2, r)/(^i, ri)/(6, T2)f{^ - Cl + C 2 , r 


' Ti,T2 


n + 7 - 2 ) 


2 


L|L2 


< 

rsj 





||6 


By applying Cauchy-Schwarz in the C 15 C 2 , ui, T 2 integral and then nsing Holder’s ineqnality, 
we bonnd the norm above by 

2 




'?1.6 J'ri,T2 


1/2 


ri)f{^2, E2)/^(C - Cl + 6, t - H + T 2 ) 


'?1.6 >^'ri,'r2 


1/2 


L|L2 




'6.?2 “'n,T'2 


/^(Ci, h)/^(C2, t- 2)/^(C - Cl + C 2 , r - Ti + Ta) 


'h>?2 Jti,T2 


L\Ll 


< snp 




t1,T2 


/^(Ci, h)/^(C 2 , E2)/^(C - Cl + C 2 , r - H + T2) 


•Jr\,T2 


L\L\ 


= snp 

i,T \Jil,^2'^Tl 


,T2 / 


liiLi • 


Using Yonng’s ineqnality, the norm \\p * estimated by ||/||® 2 ^ 2 - Thns 

it is snfficient to show that the snpremnm above is hnite. Using Lemma [ 6.21 in the ti,T 2 
integrals, the snpremnm is bonnded by 


Tt J iT+mr+Q- &+(? - 6+&)=)“-" 

Using the relation (r — a) {t — b) > {a — b), the above rednces to 


d^id^2- 


snp 

= sup 


(C^-C? + C|-(C-Ci + C2)^)^ 
(C)2.+2a(Ci)-2.(C2)-2.(C-Ci+C2)-^- 
(2(Ci-C)(Ci-C2))^- 


diid^2 

diidi2- 
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We break the integral into two pieces. The argument given in |T6] shows that 




(Ki-OKi-&))‘- 


-d^id^2 < oo- 


ia-6i>i 

To estimate the integral on the remaining set, — .^| < lor |.^i — .^ 2 | < 1}, note that 


(16) 


(6)(^ - 6 + 6) ^ (6)(0- 


Therefore, we have 

r - 6 + 6 )-'^ 


mi-«l<l or 

ia-«2i<i 




we use the substitution x = (^i — ^)(^i — ^ 2 ) in the ^1 integral. This yields 

26 = 'C + 6 ± \/(^ + 6)^ - 4(^6 - x) = ^ + 6 ± \/4a; + (^ - 6)^ 

and 

dx = (26 - e - 6) di^ = ±y/4T+(e-6)2 C?6- 
Therefore, the integral above is bounded by 

[ _pa=:=<i.<i&. 

./ (x)i-V|4x + K-6)"| 

Using Lemma 16.31 and then Lemma 16.21 again, we bound the supremum of the integral 
above by 


sup 

C 


(6^°(6)-^^ 

((e-6)6^- 


d^2< 


sup 

C 


(6^“(6)-"^ 


(e-6)^- 


d6 


6 sup 

c 


^^)2a—1+ 

for s > 

^^^2a-4s+ 

for s < 


For a < min(l, 2s), this is hnite. 


□ 


Proposition 3.6. For fixed 0 < s < |, 
such that for 1 — e<6<|, we have 

for 0 < s + a < -, 

r 1 5 

for -<s + a<-, 


and 0 < a < min(2s, 2 , | — s), there exists e > 0 


1^1 "nllj^s+a.-b 6 ll'ul 


3 


I |2 II ^ II ||3 

IMI Mil 1 2s+2a-l-46 >. 111111.1^,6. 
I I Wx^’ -3- ~ " "21 ■ 
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Proof. For s + a < the statement follows from Proposition 13.51 

We now consider the case | < s + a < |. Since a < 2s, we always have s > |. Let 

{r + - 6 + 6)- 




Following the proof of Proposition 13.51 it suffices to prove that 


-d^idf2- 


sup S < oo. 

We consider the cases ^ < s + a < | and | < s + a < | separately. 

Case 1) s + a < |. Taking e sufficiently small, we have s + a — 26—|<0. Using 
the identity (r — a)(r —6) > (a — b), and noting that 26+^ —s —a < 66 — 2 (for e sufficiently 
small), we obtain 


5< 


(e - ei +el - (e - 6+ 


d^id^2 


< 

rsj 


{e)(ei)-^^(e2)-^-(e-ei + e2)-^- 
((ei-e)(ei-e2))^'’+^-^-“ 


d^id^2- 


We can estimate this for s >5% 




by using Lemma 16.21 twice. 

It remains to consider the case | < s < |. Since a < min(2s, |), we have | < s + a < 
min(3s, s + |). 

Consider the sets A = {|xi—< 1 or |xi—.^ 2 | < 1} and B = {|a;i—.^| > 1 and |a;i—.^ 2 | > 
1}. Since on A we have flTHll . we obtain 



(e)(ei)-^^(e2)-^-(e-ei + e2)-^- 
((ei-e)(ei-e2))''+^-^-“ 


d^id^2 < 





—s—a 


dfid^2- 


Proceeding as in Proposition 13.51 bv substituting x = (^i — e)(ei “^ 2 ) in the integral, we 
bound this by 
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where we used Lemma 16.31 (taking e sufficiently small). Using Lemma 16.21 (noting that 
2(26 — s — a) < 1), we bound this by 

J (^)2-4fe+2a-4s+ for S < i 

for s > I 

which is bounded for a < min(2s, |), provided that e is sufficiently small. 

We bound the integral on the set B by (after the change of variable ^2 —+ ^ 2 , 




(6 - 0 


2b-\-^—s—a 


(6 - 


diidi2 = 




\-2s 


( 6 ) 


26+4—s—c 




-d^id^2- 


By symmetry, we have the following subcases |.^ + .^1 + .^ 2 ! ^ I'd and |^ + .^i| > |d, which 
leads to the bound (using Lemma [6]2] repeatedly) 







('^ + '^ 2 ) ^d'C + 'Cl+d) 


< 




— (s+26—i—a 




l-2s 


(e + d) 


3s+26—= —a— 


(d) 


2b+^—s—a 


d^2 


^^^ 2 — Ab-\-2(i — A:S-\- 


(02-46+2a-4.+ fo^ 3 ^ + 26 - | - O < 1 
(^)f“26-s+a foj; 3g _|_ 26 — i — a > 1 


This is bounded for a < min(2s, i), provided that e is sufficiently small. 
Case 2) I < s + a < |. In this case s + a — 26—|>0. Using 


(r+d) = (r+e? - d + (e - d+6)^ + 2(e - 6)(ei - d)) 

d ('T + 'Cl — '^2 + ('^ “ d + ^2^) + {i — il) ('Cl ~ C2)- 

Also noting that in this case s + a — 26 — |< 66 — 2 for (e sufficiently small), we have 

s < /« - 6)‘+“-“-h?i - - 6 + 
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Here we applied the change of variable ^2 —t .^1 + ^ 2 , ■Ci + 'Ci- Considering the snbcases 
1^ + + 61 6 16 and 1^ + 61 6 16 we have the bonnd 

+ {()'-"• J + 5 ,+ 

=: Si + S 2 . 

Using (S,)<(S + Si){0. we have 

s. < (?>"“-■“( J{( + :£ 1 

by the restrictions on a, 6, s. Using (6) < (^ + 6)(^ + 6 + 6) and (6) < (6(^ + 6) we 
have 

S 2 < /«+?2)"“-“-'tt+ei + 6>“-“-Lvei<iS2 < 1 

by the restrictions on a, b, s. □ 


4. Local theory: The proof of Theorem 12.41 
We first prove that 

(17) Tu{t) := ri{t)WK{t)ge + r]{t) [ W^it - t')F{u) dt'+ T]{t)Wl^{0,h - p - q){t), 

Jo 

has a hxed point in X^’^. Here s G (0, |), s 7 ^ |, |, 6 < | is snfficiently close to J, and 

F{u) = p{t/T)\u\\, pit) = ? 7 (t)T)o(lUR 5 fe), and 

qit) = r]{t)Do ^ j Wuit - t')F{u) dt' 

To see that V is bonnded in recall the following bonnds: 

By m, we have 

< lInJInv., < 


\\V^R{t)9e\\x‘^>> 6 ll^elln^ 


H‘ 


Combining flT^ . ffT4)) . and Proposition 13.51 we obtain 


im / W^it-t')Fiu)dt'\\x.. < \\Fiu)\\^^,..^ <T-^-^-\\\u\\\\xs.-. <T-^- 


\u\ 


X” 


Using Proposition 13.31 and Lemma 12.11 (noting that the compatibility condition holds) we 
have 
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( 18 ) \\r]{t)Wl{^,h - p - q){t)\\xs,b < || (/i - p - g)x{o,oo)|| 241 


< \\h-p\\ ^ + ||g|| w 


< 


H, 


(K+) 


2s+l 




+ Ibll ^ 

hT^ I 


By Kato smoothing Lemma 13.11 we have 


INI 


2s+l 


< 




H‘>{R+)- 


Finally, by Propostion 13.41 flT^ . and Proposition 13.61 we have 



(R)' 


2s+l 


\\F\\^s,- 


H, 




for 0 < s < i 
for i < s < I 


< 2 ^ 5 -^- 




ImPmI 


1 


for 0 < s < I 1 

2a-l-46 + II iMptillx'i -6 for i < S < I 


l7/l|3 

I ^ II • 


Combining these estimates, we obtain 


lirwllx'’.''^ II5 'IIh2r+) + ll^ll 2 ^ + ^ 

(K+) 

This yields the existence of a hxed point u in X^’^. Now we prove that u G CfH^[[0, T) x R). 
Note that the hrst term in the dehnition (ITT)) is continuous in The continuity of 
the third term follows from Lemma 13.21 and (IT8|l . For the second term it follows from 
the embedding c CfiLJ and (IT^ together with Proposition 13.51 The fact that 

2s+l 

u G (Rx [0, T]) follows similarly from Lemma l3.11 Proposition 13.41 and Lemma l3.2[ 

The continuous dependence on the initial and boundary data follows from the hxed point 
argument and the a priori estimates as in the previous paragraph. The uniqueness issue is 
discussed in Section ITT] below. 

To hnish the proof of Theorem 12.41 we need to quantify the dependence of T to initial and 
boundary data. By scaling, note that if u solves the equation on [0, A“^], then u^{x,t) = 
ju{j, jj) solves the equation with data g^{x) = jg{j) and h^{t) = jh{^) on [0,1]. Note 
that for A > 1, 


II 



< 

r\j 


2s + l 




||5'^l|HqR+) < ||5 'a||l2(r+) + ||5''^llilqR+) 

<^'^^I|5'I|l2(r+) + A 2 ®||5(||^s(]g+) < ||5(||/,2 (r+) + A 2 ^||5(||/^s(k+) 
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Therefore, for ~ 1, the solution in [0, A“^] is defined up to the local exis- 

4 

tence time T [C+|| 5 f||j:/s(]R+)]“ 2 i+T. Here the constant C depends on || 5 f||j ;^2 +||h|| 2 s+i 
Alternatively, to obtain a local existence interval without implicit dependence on || 5 '||l 2 we 
can use 

IITIIh. < IIsaIU- + IITIL. < + A-l-*||a||,j. < An||g||„., 

which leads to T [C+with C = C(||h||^ 2 ^^^_|_^). This will be used in Section E] 
below. 

4.1. Uniqueness of mild solutions. In this section we discuss the uniqueness of solutions 
of ([I]), also see [IHl 12] • The solution we constructed above is the unique fixed point of 
(Ell. However, it is not a priori clear if different extensions of initial data produce the 
same solution on M+. It is also not clear if the solution we constructed is same as the 
solutions obtained in m^- To resolve this issue, hrst note that the restriction to R"*" of 
the solution we constructed (the fixed point of (lT7|) i is a mild solution as defined in [T^ 
Dehnition 3]. Therefore, the uniqueness part of the theorem for s > A follows from a simple 
argument based on energy estimates which implies the uniqueness of mild solutions, see 
m Proposition 1]. In particular, the restriction of u to R"*" is independent of the extension 
Qe of g to R"*". 

We now prove that the restriction of u to R"*" is independent of the extension of g also in 
the case s G (0,1/2). Let gi, g 2 be two if®(R) extensions of G s G (0,1/2). Take 

a sequence /„ G iL^(R+) converging to g in if^(R+). Let //,/^ G iL^(R) be extensions of 
fn converging to gi,g 2 in if'’(R) for r < s, see Lemma lO below. Also take a sequence 
hn G converging to h in iL^^(R+). By the uniqueness of mild iL^(R+) solutions 

the restriction of the corresponding solutions ul^, to R"*" are the same. Since, by the 
hxed point argument, the solutions u^, are the limits of u^, respectively, in 
their restriction to R+ are the same. 

Lemma 4.1. Fix 0 < s < A. Let g G f G //^(R^), and let ge be an extension 

of g to R. Then there is an extension fe of f to R so that 

\\9e - fe\\Hr{R) < \\g “ /||r/qK+), for r <s. 

Proof. Fix 0 < s < A. We start with the following 

Claim. Fix G iL®(R) supported in (—cxo, 0]. For any e > 0, there is a function 0 G i/^(R) 
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supported in (— 00 , 0) such that \\ 4 > — '0||r''(R) < e for r < s. 

To prove this claim hrst note that X(-oo- 5 )'^ —)■ -0 in L^(M) as 5 —)■ O’*". Also note by 
Lemma O that ||x(_oo- 5 )i/'||h=(r) < ||i/'||r'>(r) uniformly in 5. Therefore Xi-oo-s)^^ ^ 
in for r < s by interpolation. The claim follows by taking a smooth approximate 
identity kn supported in (—5, 5) for sufficiently small 6, and letting cj) = [x{-oo-s)'il^] * kn for 
sufficiently large n. 

To obtain the lemma from this claim, let / be an extension of / to M, and let h 
be an extension of g — f to M. with < US' — /||//«(«+). Apply the claim to 

'ip = Qe — f — h with e = \\g — /||//s(k+). Letting fe = f + (j) yields the claim. □ 

Finally, we prove that, for s G (0,1/2), the equation ([T]) has at most one mild solution. 
To see this let v = limn„ be a mild solution with initial and boundary data g, h. Let ge 
be an extension of g, and u be the solution we constructed. By the lemma above, we can 
extend Vn{x, 0) to M so that n„(-, 0) G and n„(-, 0) —)■ ge in r < s. Let Un be 

the H^(R) solution we constructed with initial data n„(-, 0) and boundary data n„(0, •). By 
continuous dependence on initial data ^ n in and by uniqueness in level, 

UnL+ = 'f^nL+. Therefore uL , = v. 


5. Proofs of Theorem 11.11 and Theorem 11.21 


Proof of Theorem M. 1[ Note that by ffT7|) . we have for f G [0,T] 

u-WQ{g,h) = r]{t) f W^it - t')r]{t'/T)\u\‘^udt'- r]{t)Wo{0,q){f), 

Jo 


where 


q(t) = g{t)Do 

Therefore, by the embedding C the inequality flT^ . Lemma 13^ and Propo¬ 

sition 13.4[ we have 


W^{t — /T)\ufu dt' 


\u -WQ{g, 


< 


\u\ u\ 


'X’’ 


+ 




2(s+a)-|-l 


< 







for 0 < s -I- a < |, 
for i < s -f a < |. 
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□ 


Proposition 13.51 Proposition 13.61 Theorem 12.41 and the local theory imply that 

which yields the claim. 

Proof of Theorem \1.2 . First recall from Remark 12.21 that ||lFo( 5 ', 0)||h'*(m+) ^ 

Fix T > 0. Assuming the growth bound ||m||_h's(k+) < f(T) where / depends on || 5 '||//s(r+) 
and ||h||j:/si(R+), for some Si > let 6 be the local existence time based on /(T). Note 
that 5 ~ ((P + /(T))“"^, where C = C(||h|| 2 s+i ). For J '^T/5, we have 

H 5 (R"^) 




Hs+a 


\u(JS) - = I Y, W^Hu{kS), ft) - W',yi,s(«((ft - m, A) 

k=l 
J 

< Y fc) - »T-i)j(t<((A -1)6), 

k=l 
J 

< Y ([“(*^' 5 ) - - m. A)], 0 

k=l 

< Y i)ft).A)|L.,.„,, < j/(()“ < mfiT), 


Hs+a 


JJs+a 


k=l 


where the implicit constant depends only on ||h|| 23+1 

H 5 


Here we used Remark 12.21 in 

the second and third inequalities. 

Recall that 

{g, h) = W^{T)g, + W;^ (0, h-p), 

where p{t) = p(t/{T))Do{W]^(t)ge). Therefore, by Lemma [ 2 Tl we have 


11^0 idi h)\\H^ < IIS'ellR'’ + ||(/i —p) X(0,oo)||„^ ^ ||5'I|r'>(R+) + 


r^(r+) + ii^iIr^- 


By applying Lemma IXTl after we write g{t/{T)) = Yl!kliPk{t)-i we obtain 


ll^0^(5') ^)l|RqR+) ^ (7')||5'||RyR+) + 


:+l 


Using this for s + a and the previous calculation, we obtain 


|M(T)||jy3+a(R+) < (T)||5(||j73+a(]K+) + 


H 


2s + 2a+l 


+ {T)f(T), 
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where the implicit constant depends on In the defocusing case, for s = Si = 1, 

f{t) ~ 1, whereas in the focusing case / grows exponentially. This implies that in the 
defocusing case 

f (T), 1 < s < |, 

I|wWIIrTk+) ^ ] {T)^ l<s<2, 

[ {Tf\ 2 < 5 < |, 

□ 


6. Appendix 

We start with a slight improvement of the energy bound from [2]. We note that the 
Gagliardo-Nirenberg inequality in one dimension implies that 

ll/lli4(R+) < C'||/|||2(R+)||/a;||L2('R+). 

Proposition 6.1. We have the following a priori estimates for the solutions of (ID. When 

X = -l, 

||m||r 1 < C'||5||^i,i|/ii|^i- 

When A = 1, 

\\u\\m < Ce^\ 

where C = C{\\g\\H^, II^IIrO) and D = D{\\h\\H^). 

Proof. We present the proof for the focusing case, 

(19) iut + Uxx + \u\^u = 0, X G M^, t G M^, 

u{x,0) = g{x), u{0,t) = h{t), 

the defocusing case is easier, see below. In what follows we drop from || • ||HqR+) 
notation. 

The following identities can be justihed by approximation by solutions: 

( 20 ) dt\u\‘^ = -2^{uxu)x, 

( 21 ) dtiluxl"^= 2iR:{uxiH)x, 

(22) dx{\ux\^ + ^|m|^) = -i[{uu^)t - {uTp)x]. 
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We start by estimating ||m||i,2. By integrating fl20|) in [0, cxd) x [0,t], we obtain 


\u{x,t)\^dx = / \g{x)\^dx + 2^ / s)h{s)ds. 


By Cauchy-Schwarz inequality, we have 

ll-lli, < 

This implies by Sobolev embedding on h that 


Li ^ liy|lL2 + 


-| 1/2 

\u:^{0,s)\‘^ds 


(23) 




< 


L2 


+ tV4 


|Ma;(0, S)|^cis 


1/4 


where the implicit constant depends only on ||h||j|^i. 

To estimate ||m 3;||/^2, we integrate fl2Tll in [ 0 , cxd) x | 0 ,(]: 

poo poo 

/ \ux{x,t)\‘^dx = / \g\x)\‘^dx 


poo 

2 


+ - / \u{x,t)fdx — - / \g{x)fdx — 2^ / Ux{0, s)h'{s)ds 


'0 


Using Gagliardo-Nirenberg and Cauchy-Schwarz inequalities we have 


luxWh <\\g\\%i + C\\u\\l2\\ux\\Li+^h\\m / |Mx(0,s)pds 

L Jo 


1/2 


Note that y'^ < + By implies that y < A + B. Using this and then ([23]), we obtain 

r A 1U 4 

(24) ||mx||l 2 < lls'lki + I|w|li2 + / |Mx(0,s)|^cis 


< 

rsj 


+ IlS'llia + 


-1 3/4 r B 1 1/4 

2 - / I ,,n . / 


|Ma;(0,s)| ds 


+ 


|Wa;(0, s)fds 




Finally, to estimate |Ma;(0, s)\‘^ds, we integrate fl2^ in x from 0 to oo: 

. d 


|Ma:(0,t)P +-|M(0,t)|^ = / uu^dx + iu{0,t)ut{0,t)■ 


Integrating this in [0,t] we have 


\ux{0, s)\'^ds =-- / |h(s)|^ds 


+ i u{x,t)ux{x,t)dx — i / g{x)g'{x)dx + i / h{s)h'{s)ds 
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And hence 

(25) / := / |mx( 0, s)p(is < ||m||x,2 ||m2:||l 2 + ||5f||i2||5f||j^i + ||h||^2||h||j^i. 

Using fl23|l and flM|) in fl2^ we have 

I<tl + + ||j||3d + ||g|U,(i3/-/3/‘> + /V4) 

+ WIL + IIjIIl=WI«. + i 

Taking t small (depending only on ||h||ji/i), we get 

/ < /‘'"‘(llsIL. + lljlli.) + Atlslli- + IIjIIL + lljiu=lljll«. +1. 

This implies that 

/ < lljllh’ + ILIIt +1- 

Using this in fl2^ and fl2T|) . we have 

ll'^llLi ^ II5 'IIl2 + \\g\\]^i + 1, 

\\'>^x\\li < WdWm + WdWh + 1 - 

This implies that 

I|mx||l 2 + IlMlIii < IIs'IIri + WgWh +1- 

Iterating this bound implies that 

\\Ux\\lI + ll^lli^ < 

where D depends only on ||h||//i. 

In the defocusing case we don’t have the term coming from the Gagliardo Nirenberg 
inequality. We instead have the following inequalities 

\\u\\l^ < 1 + 

II'*^x||l2 < 1 + 

^ 1 + II'^IIhu 

where the implicit constants depend on \\g\\H^ and ||h||j|^i. Therefore 

II II / 1 .. 


which implies that UMlIi^i remains bounded. 


□ 
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Finally, we have the following lemmas. For a proof of the former, see |15j . 


Lemma 6.2. // /9 > 7 > 0 and (3 + j > 1, then 

r 1 


where 


{x - ai)h{x - 02 )' 


0/3 (a) ~ < 


dx < (ai - 02) '^ 0 / 3 (ai - 02), 

1 0 > 1 

log(l + (a)) 0 = 1 

{ay-^ 0 < 1 . 


Lemma 6.3. For fixed p G (|, 1), we have 


-dx < 


~ ' 'p-h 


J {x)p^/\x - a\ (a)^ 

Proof. Let A = {x ■. \x — a\> 1}, and B = {x ■. \x — a\ < 1}. Note that 


--dx < 


^ --dx < ^ 


Jb {x)p-^J\x - a\ ^ {o)P Jb a/|x - a\ ^ {o)p 
Finally, using Lemma [6.21 we have 


I A {x)P^/\^c^^ 


■dx 5, 


dx < 


'a {x)p^J{x - a) ~ {a)P 2 


□ 
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